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Sensitivity Comparisons

Consider 5 second-order lowpass  filters 

      (all can realize same T(s) within a gain factor)
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b)   + KRC (a Sallen and Key filter)
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How do these five circuits compare?

a) From a passive sensitivity viewpoint?

- If Q is small

- If Q is large

b) From an active sensitivity viewpoint?

- If Q is small

- If Q is large

- If τω0 is large



Comparison:  Calculate all ω0 and Q sensitivities
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Consider passive sensitivities first
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Case b1 : +KRC  Equal R, Equal C
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If QN=10 in +KRC filter, what happens to Q if R1 increases by 1%?  By 10%?
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QPREDICT=10*(1+0.95)=19.5

QACTUAL=105

Sensitivity analysis quite useful if        is small but not accurate when      is large
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1

1

2
S = −Q

R Q

Effects of R1 variations on +KRC Filter

Q 10
K 2.9

Pct ChangsSens /Var Predicted Actual
Pred Q Q

1 0.095 10.95 11.04382
2 0.19 11.9 12.31647
3 0.285 12.85 13.90259
4 0.38 13.8 15.93444
5 0.475 14.75 18.63082
6 0.57 15.7 22.3818
7 0.665 16.65 27.95697
8 0.76 17.6 37.11537
9 0.855 18.55 54.94898

10 0.95 19.5 104.8809
11 1.045 20.45 1053.565
12 1.14 21.4 -132.288
13 1.235 22.35 -62.5303
14 1.33 23.3 -41.0657
15 1.425 24.25 -30.6394
16 1.52 25.2 -24.478
17 1.615 26.15 -20.4088
18 1.71 27.1 -17.5206
19 1.805 28.05 -15.3644
20 1.9 29 -13.6931

Q 2
K 2.5

Pct ChangsSens /Var Predicted Actual
Pred Q Q

1 0.015 2.03 2.030278
2 0.03 2.06 2.061123
3 0.045 2.09 2.092555
4 0.06 2.12 2.124591
5 0.075 2.15 2.157253
6 0.09 2.18 2.19056
7 0.105 2.21 2.224533
8 0.12 2.24 2.259197
9 0.135 2.27 2.294573

10 0.15 2.3 2.330686
11 0.165 2.33 2.367563
12 0.18 2.36 2.405228
13 0.195 2.39 2.443712
14 0.21 2.42 2.483041
15 0.225 2.45 2.523248
16 0.24 2.48 2.564364
17 0.255 2.51 2.606423
18 0.27 2.54 2.649459
19 0.285 2.57 2.693509
20 0.3 2.6 2.738613

Q 25
K 2.96

Pct ChangsSens /Var Predicted Actual
Pred Q Q

1 0.245 31.125 33.0588
2 0.49 37.25 48.55531
3 0.735 43.375 90.6151
4 0.98 49.5 637.3774
5 1.225 55.625 -128.087



Case b2 : +KRC  Equal R, K=1
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c)   Bridged T Feedback
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d)   2 integrator loop
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d) -KRC passive sensitivities

For R1=R2=R3=R4=R, C1=C2=C 05+K
Q = 
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Passive Sensitivity Comparisons

0ω
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xS

Passive RLC
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Bridged-T Feedback 

Two-Integrator Loop 

Equal R, Equal C   (K=3-1/Q) 

Equal R,   K=1      (C1=4Q2C2) 

1
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0,1/2

0,1/2 0,1/2, 2Q2

Q, 2Q, 3Q 

0,1/2

0,1/2 1,1/2, 0

1/3,1/2, 1/6

Substantial Differences Between (or in)  Architectures

-KRC 
less than or equal to 1/2 less than or equal to 1/2





Where we are at with sensitivity analysis:

Considered a group of  five second-order filters

• Closed form expressions were obtained for ω0 and Q

• Tedious but straightforward calculations provided passive 

sensitivities directly from the closed form expressions 

Passive Sensitivity Analysis

Active  Sensitivity Analysis

• Closed form expressions for ω0 and Q are very difficult or 

impossible to obtain

If we consider higher-order filters

Passive Sensitivity Analysis

• Closed form expressions for ω0 and Q are very difficult or 

impossible to obtain for many useful structures

Active  Sensitivity Analysis

• Closed form expressions for ω0 and Q are very difficult or 

impossible to obtain

???

Need some better method for obtaining sensitivities when closed-form 

expressions are difficult or impractical to obtain or manipulate !!



Relationship between pole sensitivities 

and  and Q sensitivities
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Relationship between active pole sensitivities and 

 and Q sensitivities

Theorem:  

Define   D(s)=D0(s)+t D1(s)

p
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(from bilinear form of T(s))

Claim:   These theorems, with straightforward modification, also apply to 

other parameters (R, C, L, K, …)  where, D0(s) and D1(s) will change since 

the parameter is different 



Active Sensitivities
+KRC



Active Sensitivities
+KRC



c)    Bridged-T structure

Active Sensitivities
Bridged T Feedback



c)    Bridged-T structure
Bridged T Feedback

Active Sensitivities



Two integrator loop architecture

Active Sensitivities



d)    Two integrator loop architecture

Two integrator loop architecture

Active Sensitivities



e) -KRC Active Sensitivities
- KRC



Active Sensitivities
- KRC



Active Sensitivity Comparisons

Passive RLC

+KRC
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0ω
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Passive RLC

+KRC

Bridged-T Feedback 

Two-Integrator Loop 

Equal R, Equal C   (K=3-1/Q) 

Equal R,   K=1      (C1=4Q2C2) 

1
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Q, 2Q, 3Q 

0,1/2

0,1/2
1,1/2, 0

1/3,1/2, 1/6

Are these passive sensitivities acceptable?  
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Active Sensitivity Comparisons

Passive RLC

+KRC

Bridged-T Feedback 

Two-Integrator Loop 
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Are these active sensitivities acceptable?  



Are these sensitivities acceptable?  

0

0ω0

x

Δω Δx
S

ω x


In integrated circuits,  R/R  and  C/C  due to process variations can be    30% 

or larger due to process variations

Even if sensitivity  is around ½ or 1, variability is often orders of magnitude too large

Passive Sensitivities:

Active Sensitivities:

All are proportional to τω0

Some architectures much more sensitive than others

Can reduce τω0 by making GB large but this is at the expense of increased power

    and even if power is not of concern, process presents fundamental limits on how 

    large GB can be made

Many applications require Δω0/ω0<.001 or smaller and similar requirements on ΔQ/Q





Equal R, Equal C   (K=3-1/Q) 

Equal R,   K=1      (C1=4Q2C2) 
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Observe that for the +KRC circuit, the somewhat arbitrary use of the DOF 

has a major impact on performance 

Similar observations can be made for other structures

Challenge:   Can a major improvement in performance be obtained by 

a more judicious use of the  two free DOF for the +KRC circuit?



What can be done to address these problems?

1.  Predistortion
Design circuit so that after component shift, correct pole locations are 

obtained

Predistortion is generally used in integrated circuits to remove the bias 

associated with inadequate amplifier bandwidth

Predistortion does not help with process variations of passive components

Tedious process after fabrication since depends on individual components

Temperature dependence may not track

Difficult to maintain over time and temperature

Over-ordering will adversely affect performance

Seldom will predistortion alone be adequate to obtain acceptable performance

Bell Labs did to this in high-volume production (STAR Biquad)



What can be done to address these problems?

1.  Predistortion

Design circuit so that after component shift, correct pole locations are 

obtained

Im

Re

Desired Pole

Actual Pole Location  due 

to parameter variations

Pole shift due to parametric variations (e.g. inadequate GB)



Desired 

Response

Actual  

Response



What can be done to address these problems?

1.  Predistortion

Design circuit so that after component shift, correct pole locations are 

obtained

Pre-distortion concept

Im

Re

Desired Pole

Pre-distored  Pole 

Location  

Actual Pole Location  due 

to parameter variations



Actual  

ResponseDesired 

Response
Predistorted   

Response



What can be done to address these problems?

1.  Predistortion

Design circuit so that after component shift, correct pole locations are 

obtained

Over-ordering Limitations with Pre-distortion 

Im

Re

Over-order 

pole



Actual  

Response

Desired 

Response

Predistorted   

Response

Parasitic Pole Affects Response

Predistortion almost always done even if benefits only modest

Not effective if significant deviations exist before predistortion



What can be done to address these problems?
2.  Trimming
a) Functional Trimming

•   trim parameters of actual filter based upon measurements

•  difficult to implement in many structures

•  manageable for cascaded biquads

b) Deterministic  Trimming (much preferred)

•  Trim component values to their ideal value

       Continuous-trims of resistors possible in some special processes

       Continuous-trim of capacitors is more challenging

       Link trimming of Rs or Cs is possible with either metal or switches

•  If all components are ideal, the filter should also be ideal

       R-trimming algorithms easy to implement

       Limited to unidirectional trim 

       Trim generally done at wafer level for laser trimming, package for link trims

•    Filter shifts occur due to stress in packaging and heat cycling

c) Master-slave reference control (depends upon matching in a process)

•   Can be implemented in discrete or integrated structures

•    Master typically frequency or period referenced 

•    Most effective in integrated form since good matching possible

•   Widely used in integrated form 



Master-slave Control (depends upon matching in a process)

RC VC

RC

RC

T (or f)

Master Circuit

Slave Circuit

VIN

VOUT

•   Automatically adjust R (or C)  in the Master Circuit to match RC to T

•   Rely on matching to match RC products in Slave Circuit to T

•   Matching can be very good (1% or 0.1% or better)

•   But does nothing to compensate for local random variations



Master-slave Example:

•  Key parameter of integrator is unity gain frequency  I0=1/RC

•  Adjust R in Master Circuit so that I0=1 at the input frequency f

•  With matching, unity gain frequency of all integrators in Slave Circuit

    will also be 1 

• May require considerable overhead to trim circuit elements

• Compensates for combined component variations and BW limitations

VTEST

VOUT

R

C

VIN

VOUT

R

C

R

C

Master Circuit
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T (or f)

R adjust

( ) OUT

TEST

V 1
T s = - 

V RCs
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Master-slave Example:

•  Over-ordering will limit accuracy of master-slave approach even if unity  

        gain frequency of master circuit is precisely obtained 

•  Technique is often used to maintain good control of effective RC products

•  Power and area overhead but Master circuit may be off most of the time to   

    reduce power overhead
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V 1
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What can be done to address these problems?

3.  Select Appropriate Architecture

Helps a lot

Best architectures are not known

Performance of good architectures often not good enough



What can be done to address these problems?

4.  Different Approach for Filter 

Implementation 

•  Frequency Referenced Filters

     Switched-Capacitor Filters

•  DSP- Based Filter Implementation

•  Other Niche Methods



Summary of Sensitivity Observations

• Sensitivity varies substantially from one implementation to another

• Variability too high, even with low sensitivity, for more demanding applications

• Methods of managing high variability

➢ Select good structures

➢ Trimming

 Functional 

 Deterministic

➢ Predistortion

 In particular, for active sensitivities

 Useful but not a total solution

➢ Frequency Referenced Techniques

Master-Slave Control

Depends upon matching

Can self-trim or self-compensate

Switched-Capacitor Filters

AD/digital filter/D/A

➢ Alternate Design Approach

Other methods



Filter Design 

Process

Establish 

Specifications

- possibly TD(s) or HD(z)

- magnitude and phase

    characteristics or restrictions 

- time domain requirements

Approximation

- obtain acceptable transfer

   functions  TA(s) or HA(z)

- possibly acceptable realizable 

   time-domain   responses 

Synthesis

- build circuit or implement algorithm

   that has response close to TA(s) or 

   HA(z) 

-  actually realize TR(s) or HR(z)

Filter

Where we are at



Filter Design/Synthesis Considerations

Most designs today use one of the following three basic architectures

T1(s)
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T2(s)
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VOUTVIN Tm(s)

Biquad
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Integrator
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Integrator
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Integrator
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α2 αk
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+

Cascaded Biquads

Leapfrog

Multiple-loop Feedback – One type shown (less popular)



Filter Design/Synthesis Considerations

Multiple-loop Feedback – Another type 
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• Termed the direct synthesis method

• Directly implements the coefficients in the 

numerator and denominator

• Approach followed in the Analog Computers

• Not particularly attractive from an overall 

performance viewpoint



Filter Design/Synthesis Considerations

T1(s)

Biquad

T2(s)
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Biquad

VOUTVIN Tm(s)

Biquad

( ) 1 2 mT s T T T=

I1(s)

Integrator

I2(s)
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I3(s)
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I4(s)

Integrator

Ik(s)

Integrator

VIN

VOUTIk-1(s)

Integrator

a2a1

T1(s)

Biquad

T2(s)

Biquad

Tk(s)

Biquad

αF

XOUT
XIN

α1
α2 αk

α0
+

Cascaded Biquads

Leapfrog

Multiple-loop Feedback – One type shown 

Observation: All filters are comprised of summers, biquads and integrators

Will study details of all three types of architectures later

Consider now  the biquads



Biquad Filters Design Considerations

VOUT
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R3 R1 R2
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C1 C2
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Several different Biquads were considered and other implementations exist

Sallen-Key Type (Dependent Sources)

Infinite Gain Amplifiers

Integrator Based Structures



Floating Nodes
A node in a circuit is termed a floating node if it is not 

an output node of a ground-referenced voltage-output  

amplifier (dependent or independent), not connected to 

a ground-referenced voltage source, or not connected 

to a ground-referenced null-port

AVV1

VIN

KV1

KV1

Z1

Z2

Zk

ZA

ZB

gm

IIN
AII1

Floating Node

Not Floationg Node



Parasitic Capacitances on Floating Nodes

CP1

CP2

Z1

Z2

Zk

CP

Parasitic capacitances ideally have no affect on filter when on a non-floating 

node but directly affect transfer function when they appear on a floating node

Parasitic capacitances are invariably large, nonlinear, and highly process 

dependent in integrated filters.  Thus, it is difficult to build accurate integrated 

filters if floating nodes are present

Generally avoid floating nodes, if possible, in integrated filters

Floating Node

Not Floationg Node
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R1 RQ
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C1 C2

VOUT
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Sallen-Key Type (Dependent Sources)

Infinite Gain Amplifiers

Integrator Based Structures

Which type of Biquad is really used?
Floating NodeNot Floationg Node
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R3 R1 R2
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R1 RQ
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Sallen-Key Type (Dependent Sources)

Infinite Gain Amplifiers

Integrator Based Structures

Which type of Biquad is really used?
Floating NodeNot Floationg Node



Integrator-based Biquads
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Integrator-based Biquads
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XO2

State Variable Biquad

(Alt KHN Biquad)


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Integrator and lossy 

integrator in a loop


− 0I
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0I

s
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Integrator-based Biquads

Tow-Thomas  Biquad
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s

0I

s+XIN

α

XO1
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− 0I

s

0I

s+XIN

α

XO
+

a0

a1
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With arbitrary zero locations



Integrator-based Biquads

VOUT

R0

R1RQ

R4

R3R2

C1 C2

RA
RB RC

RF

VOLP

VOBP

VIN

Two-Integrator Loop

Summer

INT1 INT2

Tow Thomas Biquad

− 0I

s

0I
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Integrator-based Biquads

• Integrator-based biquads all involve two integrators in a loop

• All integrator-based biquads discussed  have no floating nodes

• Most biquads in integrated filters are based upon two integrator loop 

structures

• The summers are usually included as summing inputs on the integrators

• The loss can be combined with the integrator to form a lossy integrator

• Performance of the minor variants of the two integrator loop structures 

are comparable



Filter Design/Synthesis Considerations

T1(s)

Biquad

T2(s)

Biquad

Tk(s)

Biquad

VOUTVIN Tm(s)

Biquad

( ) 1 2 mT s T T T=

I1(s)

Integrator

I2(s)

Integrator

I3(s)

Integrator

I4(s)

Integrator

Ik(s)

Integrator

VIN

VOUTIk-1(s)

Integrator

a2a1

T1(s)

Biquad

T2(s)

Biquad

Tk(s)

Biquad

αF

XOUT
XIN

α1
α2 αk

α0
+

Cascaded Biquads

Leapfrog

Multiple-loop Feedback – One type shown 

Observation: All filters are comprised of summers, biquads and integrators

And biquads usually made with summers and integrators

Integrated filter design generally focused on design of integrators, summers, and 

amplifiers (Op Amps)

Will now focus on the design of integrators, summers, 

and op amps



Basic Filter Building Blocks
(particularly for integrated filters)

• Integrators

• Summers

• Operational Amplifiers



Integrator Characteristics of Interest

0I

s

XOUTXIN

( ) 0II s  = 
s

( ) 0II jω  = 
ω

( )I 0jω  = -90

Unity Gain Frequency = I0

Properties of an ideal integrator:

Gain decreases with 1/ω

Phase is a constant -90o

( )0I Ij  = 1

How important is it that an integrator have all 3 of these properties?



Integrator Characteristics of Interest

− 0I

s

0I

s+XIN

α

XO1

XO2

( ) =

2
0

2 2
0 0

- I
T s

s + αI s + I

0 0ω  = I


1
Q = 

0I

s

XOUTXIN ( ) 0II s  = 
s

( ) 0II jω  = 
ω ( )I 0jω  = -90

How important is it that an integrator have all 3 of these properties?

Consider a filter example:

In many (most) applications it is critical that an integrator be very nearly ideal

 (in the frequency range of interest)

( )0I Ij  = 1

Band edges proportional to I0
Phase critical to make Q expression valid





Some integrator structures

VOUT

C

VIN
R

( )I s = −
1

RCs

Are there other integrator structures?

Inverting Active RC Integrator
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sC
0I = mg

C

Termed an OTA-C or a gm-C integrator
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Some integrator structures
Are there other integrator structures?
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Termed a TA-C integrator
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Termed MOSFET-C integrator
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Some integrator structures
Are there other integrator structures?
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2 1
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Termed active RC current-mode integrator
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•   Output current is independent of ZL 

•  Thus output impedance is ∞ so provides current output
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1
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Some integrator structures

( )I s = −
1

sRC
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There are many different ways to build an inverting integrator

There are other useful integrator structures (some will be introduced later)



Integrator Functionality
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Summing Integrator

Fully Differential Integrator

Noninverting Integrator

Lossy  Integrator

Basic Active RC Inverting Integrator

Many different types of functionality from basic inverting integrator

Same modifications exist for other integrator architectures



Integrator-Based Filter Design
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Any of these different types of integrators can be used to build integrator-based filters
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Are new integrators still being invented?



Oct 16 2018

Nov 2016

Nov 2017



July 2014



Oct 16 2012

Apr 26 2011



Nov 3 2009





Aug 8 2006



Jan 1976



Stay Safe and Stay Healthy !



End of Lecture 23
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